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Abstract— In this paper, we design a hardware and
energy-efficient stochastic lower–upper decomposition (LUD)
scheme for multiple-input multiple-output receivers. By employ-
ing stochastic computation, the complex arithmetic operations in
LUD can be performed with simple logic gates. With proposed
dual partition computation method, the stochastic multiplier and
divider exhibit high computation accuracy with relative short
length stochastic stream. We have designed and synthesized the
stochastic LUD with CMOS 130-nm technology. According to
the postlayout report, the hardware efficiency of the stochastic
LUD is as high as 1.5× compared with the exiting LUD methods,
and the energy efficiency is also higher than the state-of-the-art
LUD when the matrix dimension is 8 × 8 and larger.

Index Terms— Energy efficiency, hardware efficiency,
lower–upper decomposition (LUD), stochastic computation.

I. INTRODUCTION

MATRIX decomposition is an essential algorithm in the
linear solution problem [1]. Especially, in the multiple-

input multiple-output (MIMO) systems, matrix decomposition
is the main burden for the implementation of hardware and
the energy-efficient MIMO detector [2]. The existing matrix
decomposition optimization methods aim at large-size matrices
such as dimension with 16 kB [3]–[5]. However, in the
practical MIMO systems, the scale of antennas is limited by
the area of antenna array. For example, in the long-
term evolution (LTE) standards, the MIMO systems employ
a 4×4 dimension antenna array. Even in the large-scale MIMO
system [21], the required inversion matrix dimension is no
more than 100. The MIMO systems are interested in more
hardware-efficient and energy-efficient VLSI implementation
of matrix decomposition algorithm.

Generally, there are two main approaches for the matrix
decomposition method in MIMO systems: 1) QR decom-
position and 2) lower–upper decomposition (LUD) [6]–[11].
QR decomposition algorithm, which transfers a matrix
into an orthogonal matrix and an upper triangular matrix,
is widely employed in the path-search-based MIMO-detection
algorithm [12]. In the other aspect, LUD algorithm factorizes
a matrix into a lower triangular matrix and an upper
triangular matrix [8]–[11]. LUD has the same function as
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QR decomposition, which serves for a path search-based
MIMO detection. Moreover, LUD is an indispensable process-
ing in the zero-force (ZF) [13] and the minimum mean square
error (MMSE)-based MIMO system [2]. In this paper, we
focus on the implementation of LUD algorithm.

Plenty of LUD methods have been proposed in [3], [4],
and [9]–[11], such as parallel-processing-based, circular-
linear-array-based, and blocking-based architectures that target
on large-size matrices with high throughput. However, energy
consumption and hardware complexity are two fatal design
criterions in the wireless communication systems, espe-
cially for the mobile terminals. Hence, it is necessary to
design a high-performance LUD scheme specific for the
MIMO systems. In [9], an LUD based on computation sharing
multiplier (CSHM) is proposed, which has considerable
energy-saving capacity. An approximate matrix inversion
structure for large-scale MIMO uplink is proposed in [21],
which can only be used in the system with massive receiving
antennas.

In this paper, we design and implement the LUD by an
interesting computation method, stochastic logic [14]–[20].
The stochastic logic has been proposed decades ago and
widely used in the neural network system. Most recently,
researchers employed the stochastic computation in the com-
munication signal processing systems and achieved inspired
results. A stochastic low-density parity-check (LDPC) code
decoder proposed in [14] achieves 61.3 Gbit/s, and a stochastic
turbo decoder proposed in [15] has a throughput of 4 Gbit/s.
The success of applying stochastic computation in decoder
stimulates us to implement a broader class communication
algorithm with stochastic logic such as MIMO detection
[23], [24]. As a key processing of ZF and MMSE, a high-
performance LUD processor is required. The main challenges
of LUD implementation with stochastic logic are as follows.

1) Long Computation Latency: The quantization bit-width
of LUD signal should be higher than that of decoders.
Thus, a much longer stochastic stream is required in
the computation process. For example, a 12-bit fixed-
point (FP) signal is represented as a stochastic sequence
with the length of 212 = 4096 in stochastic computation
domain. It will take 4096 clock cycles to process the
stream in the serial computation mode.

2) Large Computation Variance: Since bits in a stochas-
tic stream are generated with random distributions,
as originally envisioned, the result computed by the
stochastic stream has large variance, which will reduce
the accuracy extensively. Hence, stochastic computation
is hard to be applied in the algorithm that requires high
computation accuracy.
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3) Inaccessible for Stochastic Division: The studies of
stochastic computation mainly focus on multiplications
and additions. The research for stochastic division is
limited. In [16], a J–K trigger-based stochastic
divider (SD) is proposed. However, the computation
error is too large to be applied into the practical system.

In this paper, we propose several new techniques to solve
these problems. First, we propose a dual partition com-
putation (DPC) method to represent and process the high
quantization bit-width signal with a relatively short length
stream. For example, we only need a 128-length stochastic
stream to represent and process a 12-bit FP signal instead
of 4096. Of course, we can partition the stream into multiple
sections, such as three or four. However, the more parti-
tions lead to higher computation complexity of stochastic
computations. The reason will be discussed in Section III. The
multiple partition computation methods will be addressed in
future work. Second, we propose a high-accuracy stochastic
multiplier based on DPC. In [18]–[20], several determinis-
tic stochastic computation (DSC) methods are proposed to
improve the multiplication accuracy. Based on DSC and DPC,
we proposed a high-performance stochastic multiplier. Third,
a high-accuracy divider based on DPC is also proposed in
this paper.

The proposed stochastic LUD is simulated and verified by
signal-to-noise ratio (SNR) performance. We also apply the
stochastic LUD to the MMSE-based MIMO system to provide
the performance analysis. We synthesize the stochastic LUD in
the TSMC 130-nm technology and provide a detailed hardware
comparison results in this paper. In summary, our contributions
are shown as follows.

1) The proposed DPC method can reduce the computa-
tion latency from 2k to 2k/2+1. With DPC, stochastic
computation can be applied in a wider class of high
quantization width-based signal processing system, such
as fast Fourier transform and finite-impulse response
filter.

2) The proposed high-performance multiplier and divider
for DPC have high computation accuracy with short
stream and relatively low hardware cost. For example,
the proposed stochastic multiplier and SD can achieve
the SNR of 70 and 65 dB with 128-length stream,
respectively. Also, the proposed stochastic multiplier and
SD can be applied to other signal processing systems.

3) The proposed stochastic LUD can be applied in the
practical MIMO detector, which is verified by SNR and
MMSE-based packet-error-rate (PER) performance.

4) The stochastic LUD is implemented in a fully parallel
form. Thus, with stochastic logic, the proposed LUD has
a simple control and a computation structure. According
to the implementation report, after placing and routing,
the hardware efficiency is 1.5× as the existing LUD
architectures. The energy efficiency also surpass the
CSHM-based LUD when the dimension is 8 × 8 or
higher.

The rest of this paper is organized as follows. We review the
MIMO system model and the LUD algorithm in Section II.
The high-accuracy stochastic arithmetic method is proposed

Fig. 1. Stochastic logic. (a) Sequence generator scheme. (b) Stochastic signed
multiplier.

in Section III. In Section IV, we present the hardware
implementation of the stochastic LUD. The performance
analysis and hardware comparison are given in Section V.
Finally, the conclusion is drawn in Section VI.

II. BACKGROUND

A. Brief Introduction of Stochastic Computation

Stochastic computation is a powerful tool for signal
processing systems. Information is represented by the
statistical mean of a random bit stream. In this paper, we apply
a signed stochastic stream to represent the FP signal in two’s
complement system (TCS). As shown in Fig. 1(a), the absolute
value of x is compared with a positive random number with
uniform distributions. A binary bit stream X is obtained at
the output of the comparator with the value bit a(X), while
the signed bit of the TCS signals x is outputted directly as
a stream s(X). For example, in order to represent a value
of −0.6, six out of ten bits are 1 in a(X), and the bits in the
signed stream s(X) are 1. Hence, the value of a stochastic
stream X represented is given by

v(X) = 1

L

L∑

t=1

X (t) = 1

L

L∑

t=1

(1 − 2 · s(X)) · a(X) (1)

where L denotes the stochastic stream length. The multiplica-
tion of X and Y can be performed with bitwise operation
as shown in Fig. 1(b). The AND gate is used to perform
the absolute multiplication, and the exclusive OR gate is
employed to obtain the signed stream. Thus, the complex
arithmetic operation can be implemented by simple logic gates
in stochastic domain.

The truth table of stochastic addition is shown in Table I.
The variable Sat(Z(t)) denotes the saturation sign, which can
be used to improve the accuracy of the stochastic addition [17].

B. MIMO System Model

A spatial-multiplexing MIMO system with Nt transmit
antennas and Nr receive antennas (Nr ≥ Nt ) is modeled as

z = Hs + n (2)

where H is the channel matrix with dimension Nr × Nt ,
and it is assumed to be known at the receiver side. In (2),



CHEN et al.: HARDWARE AND ENERGY-EFFICIENT STOCHASTIC LUD SCHEME 1393

TABLE I

TRUTH TABLE OF STOCHASTIC ADDITION

Algorithm 1 LU Decomposition Algorithm

s is the transmitted symbol with dimension Nt × 1, z is
the Nr × 1 received vector, and n is a zero-mean Gaussian
noise vector with variance σ 2

z . Suppose a bit vector
xk = [xk,1 xk,2, . . . , xk,M ]T is mapped to a complex symbol
sk by a quadratic-amplitude modulation modulator, where the
b-th bit of xk is denoted by xk,b .

In the MMSE detection, a preprocessing matrix defined as

G = (
HH H + σ 2

z I
)−1HH (3)

is employed to calculate the log likelihood ratio
of each xk,b, where the superscript H denotes the
Hermit transpose. The estimation symbol s̃ can be obtained
from G as s̃k = G · zk . The details of MMSE detector can be
found in [21]. The LUD algorithm is a key processing step
to perform the matrix inversion as

LU = (
HH H + σ 2

z I
)

G = U−1L−1HH . (4)

Since L and U are lower and upper Nt × Nt triangular
matrices, G can be easily obtained.

C. LU Decomposition Algorithm

We first review the LUD algorithm in this
section (Algorithm 1).

Suppose a nonsingular matrix A with N × N dimension is
decomposed by LUD algorithm A = LU. The LUD algorithm
involves three arithmetic operations: multiplication, addition,
and division. The stochastic additions can be implemented by
the function of the truth table in Table I. We will present how
we implement the stochastic multiplication (SM) and division
in Section III.

III. HIGH-ACCURACY STOCHASTIC COMPUTATION

As we discussed in Section I, the main challenges for
stochastic computation are the long latency and computation

variance. In this section, we proposed several new methods
to improve the computation accuracy of stochastic logic with
short length stream.

A. High-Performance Deterministic Stochastic
Computation Method

The traditional SM is performed between two random
distribution streams. Obviously, the problem of this method
is that the result has large computation variance due to
limited sequence length. Some DSC methods are proposed
in [18] and [19], which can achieve the same accuracy as
FP multiplication. In DSC, the stochastic stream is generated
in a fixed pattern instead of randomly, which especially suits
the system that requires high computation accuracy. The
rerandomization operation is required after each computation.
We also propose a simple DSC generation method to reduce
the cost of rerandomization cost.

An example between random and deterministic SM is shown
as follows:

In DSC, the bits 1 are generated at the head of the stream
for AL with equation

AL(t) =
{

1, t = 1, 2, 3, . . . , A
0, t = A + 1, . . . , L .

(5)

For another stream C L , the bits 1 is uniformly disturbed with
the representation

C L(t) =
{

1, t = round ((L/C) · m) + 1
0, otherwise

(6)

where m = 0, 1, 2, . . . , C − 1. The DSC can reduce the
computation variance extensively. However, the generation of
C L with (6) is difficult to be implemented in practical systems.
In this paper, we propose a simple method to generate the
uniform distribution stream, C L . We rewrite the TCS format
of C as

C = ck−12k−1 + ck−22k−2 + · · · + c0. (7)

For each bit in (7) ci 2i , (6) can be simplified to generate a
uniform distribution stream as

C L
2i (t) =

{
1, t = m · 2k−i + 1 ⇒ t mod 2i = 1
0, otherwise

2i
stream
����������

Length

2k

︷ ︸︸ ︷
10 · · · 0︸ ︷︷ ︸

2k−i

10 · · · 0︸ ︷︷ ︸
2k−i

· · · 10 · · · 0︸ ︷︷ ︸
2k−i

︸ ︷︷ ︸
2i

. (8)
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The stream C L is the summation of k substreams from C20 to
C2k−1 , C L = ∑k−1

i=0 ci · C L
2i . The conversion diagram is given

by

To combine all substreams to a single one, we can right shift
each stream by T bits, C2i � T , where T = 2k−i−1 − 1.
Combined with (8), the DSC function is given by

C L =
k−1∑

i=0

(
C L

2i � (2k−i−1 − 1)
) · ci

C L
2i (t) =

{
1, t mod 2i = 1

0, otherwise.
(9)

We take a 16-bit stream as an example.

C23 � 0 1010101010101010 ×c3

C22 � 1 0100010001000100 ×c2

C21 � 3 0001000000010000 ×c1

C20 � 7 0000000100000000 ×c0

C c3c2c3c1c3c2c3c0c3c2c3c1c3c2c3 0.

The four substreams can be combined without confliction.
The SM can achieve high accuracy with the proposed DSC
sequences.

B. Dual Partition Computation

To represent a 2k-bit unsigned FP signal in stochastic
domain, a 22k length stochastic stream is required to achieve
the same precise.1 However, if we divide the 2k-bit FP
signal into two parts, k1, the most significant bit (MSB),
and k2, the least significant bit, k1 + k2 = k. If we employ
two stochastic streams with length 2k1 and 2k2 to represent
these two partition signals, respectively, the total length of
the stochastic sequence can be reduced extensively. That
is the basic principle of DPC. We describe the DPC in a
mathematic format. In TCS, a 2k-bit-wide FP signal x is
represented as

x = a2k−122k−1 + a2k−222k−2 + · · · + ak2k
︸ ︷︷ ︸

A·2k

+ ak−12k−1 + · · · + a0︸ ︷︷ ︸
B

x = A · 2k + B (10)

1Since the signed bit is performed by an individual stochastic stream, for
the simplicity of discussion, the following discussion is based on unsigned
signal.

where A and B are k-bit-wide signals. Thus, we only need
two 2k-length stochastic streams to represent x instead of
22k-length.

C. High-Accuracy Stochastic Multiplication

1) DPC-Based Stochastic Multiplication: Consider that
multiplication is performed between two 2k-bit FP signals,
x and y, as z = x · y, which can be represented as

x = a2k−122k−1 + a2k−222k−2 + · · · + ak2k
︸ ︷︷ ︸

A·2k

+ ak−12k−1 + · · · + a0︸ ︷︷ ︸
B

y = c2k−122k−1 + c2k−222k−2 + · · · + ck2k
︸ ︷︷ ︸

C ·2k

+ ck−12k−1 + · · · + c0︸ ︷︷ ︸
D

. (11)

The multiplication function is represented as

z = x · y/22k = (A · 2k + B) · (C · 2k + D)/22k

= A · C + A · D/2k + B · C/2k + B · D/22k . (12)

If we partition x and y into more parts such as three, the
multiplication of z will be more complex as

z = x · y = (A · 22k + B · 2k + C) · (E · 22k + D · 2k + F)

= A · C + A · D/2k + B · C/2k + B · D/22k .

In this paper, we only consider the DPC.
We rewrite the result of (12) in a DPC format as

A · C = α1 · 2k + β1

A · D/2k = α2 + β2/2k

B · C/2k = α3 + β3/2k

B · D/22k = (α4 + β4/2k)/2k (13)

where αi , βi (i = 1, 2, 3, 4) are integers with range [0, 2k).
The maximum of β2/2k , β3/2k , and (α4 + β4/2k)/2k are
given by

|β2/2k |≤1, |β3/2k |≤1, |(α4 + β4/2k)/2k |≤1/2k . (14)

The maximum error of z is less than 2 + 2−k . Since the range
of multiplication result z is |z| ∈ [0, 22k], the quantization error
of z is eSTO = 2−2k+1 + 2−3k . In the practical TCS design,
to prevent bit growing, we usually truncate the multiplication
result to the same width as the input signal with truncation
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error eTCS = 2−2k′
. The relationship of truncation errors

between stochastic computing and TCS is given by
eSTO

eTCS
= 2−2(k−k′)+1 + 2−3k+2k′

(15)

where

eSTO

eTCS
=

{
>1, k = k ′

<1, k ≥ k ′ + 1.
(16)

Equation (16) indicates that the truncation error of stochastic
computing is in the interval of [eTCS(k), eTCS(k + 1)]. The
SNR simulation shown in Fig. 7 also verifies this conclusion.
Thus, we can discard the elements of β2/2k , β3/2k and
(α4 + β4/2k)/2k with nearly the same truncation error as FP
multiplication. Thus, the multiplication result of DPC can be
rewritten as

z = E · 2k + F

= α1 · 2k + (β1 + α2 + α3). (17)

We convert ABC and D to four stochastic streams AL B LC L

and DL with length L = 2k . Then, the production can be
performed by three SMs with a remainder β1

α1 =
∑

AL ⊗ C L

α2 =
∑

AL ⊗ DL

α3 =
∑

B L ⊗ C L (18)

where ⊗ denotes SM.
To achieve a high-accuracy SM for DPC, we employ the

DSC method in [18] to reduce the variance of SM. Also,
we propose a bitwise operation-based method to obtain the
high-order remainder (HOR) β1.

2) Bit-Serial HOR Updating Method: The high-order
multiplication result is given by

E L = AL ⊗ C L . (19)

We propose a bitwise operation-based method to recover β1.
If the FP signal C is given, the multiplication procedure
of A · C can be represented as

α1 · 2k + β1 = A · C =
L∑

t=1

AL(t) · C. (20)

We submit α1 = ∑
AL ⊗ C L to (20) as

β1 =
L∑

t=1

(AL(t) · C − AL(t) · C L(t) · 2k). (21)

Since AL(t) and AL(t) ·C L (t) are Boolean signals, β1 can be
obtained by a bitwise operation with updating a register

reg(t) = reg(t − 1) + AL(t) · C − AL(t) · C L(t) · 2k (22)

where reg(1) = 0 and reg(L) = β1. Then, the low-order
multiplication result is given by

F L(t) =

⎧
⎪⎨

⎪⎩

1, reg(L + t) ≥ 1

−1, reg(L + t) ≤ −1

0, reg(L + t) = 0

(23)

where

reg(L + t) = reg(L + t − 1) + AL(t) · DL(t)

+ B L(t) · C L(t) − F L(t − 1). (24)

Thus, the proposed high-precision stochastic multiplier can be
implemented by simple logics with a register.

D. High-Accuracy Stochastic Divider

Different from SM, the existing studies for stochastic divi-
sion are limited. In this paper, we propose a high-accuracy
bitwise-based stochastic division.

1) Bitwise-Based Stochastic Divider: Suppose x is divided
by y

z = x/y. (25)

The division equation in stochastic domain is given by

z = E

N
= A

N

/ C

N
=

A/C · N

N
(A, C < N). (26)

Without loss of generality, we suppose A ≤ C to keep result z
in the stochastic domain [−1, 1]. We will discuss how to deal
with A > C later. Equation (26) can be rewritten as

AN = EC + R (27)

where all variables are integer. R is a remainder and satisfy

0 ≤ R < C. (28)

An L-length stochastic streams is employed to perform the
stochastic division as

L∑

t=1

AL(t) · N =
L∑

t=1

E L(t) · C + R. (29)

The bitwise operation of (29) is given by

AL(t) · N + R(t − 1) = E L(t) · C + R(t) (30)

where R(t) can be used as a register with representation

R(t) = AL(t) · N + R(t − 1) − E L(t) · C.

The summation of (30) is represented as
L∑

t=1

AL(t) · N =
L∑

t=1

(E L(t) · C + R(t) − R(t − 1))

=
L∑

t=1

E L(t) · C + R(L) − R(1). (31)

If R(1) = 0, (31) has the same expression as (29), which can
prove the correctness of (30). Combined with (28), E L(t) is
derived by

E L(t) =
{

1, AL(t) · N + R(t − 1) − C ≥ 0

0, otherwise
(32)

which can be implemented with an adder and a register.
If A > C and the relationship of A and C satisfy

C · 2S−1 < A ≤ C · 2S (33)

we can left shift C with S bits (C 	 S) in TCS. After
E L(t) is obtained, S is sent out as an indicator for the further
processing.
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2) DPC-Based Stochastic Divider: We also derive the
bitwise division to DPC-based stochastic computation. The
division equation in DPC is given by

z = x

y
= E · 2k + F

22k
= A · 2k + B

C · 2k + D
(34)

which is implemented with stochastic logic as

L∑

t=1

E L(t) · 2k +
L∑

t=1

F L(t)

=
∑L

t=1 AL(t) · 2k + ∑L
t=1 B L(t)

C · 2k + D
· 22k . (35)

We can consider
∑L

t=1 F L(t) as a remainder. Then, (35) is
capable of being rewritten in the form of (30)

E L(t) · (C · 2k + D) + R(t)
= (AL(t) · 2k + B L(t)) · 2k + R(t − 1). (36)

Thus, E L(t) is given by

E L(t) =
⎧
⎨

⎩

1, (AL(t) · 2k + B L(t)) · 2k + R(t − 1)

− (C · 2k + D) ≥ 0
0, otherwise

(37)

where

R(t)=
⎧
⎨

⎩

R(t − 1) + (AL(t) · 2k + B L(t)) · 2k

− (C · 2k + D), E L(t) = 1
R(t − 1), E L(t) = 0.

(38)

After t = L = 2k cycles, E L is obtained with remainder R(L).
Then, F L(t) can be derived by the given R(L)

L∑

t=1

F L(t) · (C · 2k + D) = R(L) · 2k . (39)

The bitwise operation of F L(t) is given by

F L(t) =
{

1, R f (t) · 2k − (C · 2k + D) > 0
0, otherwise

(40)

where

R f (t) = R f (t − 1) − (C · 2k + D)F L(t)
R f (1) = R(L) · 2k . (41)

Hence, after 2k+1 cycles, E L(t) and F L(t) are obtained
with (37) and (40), respectively, which can be implemented by
adders and register. Since the calculations of E L(t) and F L(t)
have similar representations, the implementation hardware can
be shared.

IV. HARDWARE IMPLEMENTATION

A. DPC-Based Stochastic Multiplier

The hardware scheme of DPC-based stochastic multiplier
is given in Fig. 2. We highlight the logic gates with
corresponding function to help understand the structure. Since
AL , B L , C L , and DL are Boolean signals, the multiplica-
tions in (22) and (24) are implemented by AND gates. The
subtraction “−AL(t) · C L(t) · 2k” is performed by operating

Fig. 2. High-accuracy stochastic multiplier.

MSB of the adder outputting signal. The adder is shared
by (22) and (24) in 1 → L cycles and L+1 → 2L cycles. The
function of (23) is performed by a sign detector, in which a
k-input AND gate is employed to obtain the absolute signal a.
The MSB represents the signed bit in TCS. Hence, signed
signal s is obtained by MSB of register output. To feedback a
k +1-bit TCS signal to the adder, we duplicate the MSB bit of
register. The signal “Ctl” controls the stochastic multiplier to
process two section of the stream E L and F L with the function

Ctl =
{

1, tcyc ≤ 2k

0, 2k < tcyc ≤ 2k+1.
(42)

Since the proposed stochastic multiplier is based on the
bitwise operation, the hardware structure is simple.

Case Study:

For a better understanding of proposed stochastic multiplier,
we give a case study as follows. To perform −49/64 × 25/
64 � −19/64, we first convert the representation of 49 and
25 in a DPC form as 49 = 6 · 23 + 1 and 25 = 3 · 23 + 1,
respectively. Then, we employ four streams A8, B8, C8, and
D8 to represent 6, 1, 3, and 1, respectively, where C8 and D8

are generated by DSC. The register is updated by A8(t), C8(t),
and C (C = 3), with (22) in the first 8 cycles. From t = 9
to t = 16, the register is obtained by (24). The computation
result is restored by the output stream E8 and F8.

B. DPC-Based Stochastic Divider

The hardware implementation scheme of proposed SD is
given in Fig. 3. The back converter (B.C.) which converts
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Fig. 3. High-accuracy SD.

stochastic stream to FP signal can be bypassed when the input
signal is already a TCS signal. To obtain (AL(t) · 2k + B L(t))·
2k , a stream generator (S.G.) is employed with left shifting
AL(t) to 22k-bits and B L(t) to 2k-bits. In the first L = 2k

cycles, the register is updated with (38). A multiplexer is
used to control the register storing the current value according
to E L(t). The output signal E L(t) is generated by (37), where
a comparison is performed by inverting the MSB of adder
output. From 2k + 1 to 2k+1 cycles, the left shifting module
at the register output is enabled to perform (41). Notice that
“Ctl_p” is a pulse signal with the function

Ctl_p(t) =
{

1, t = 2k + 1

0, otherwise.

Then, F L(t) can also be obtained by inverting the MSB of
adder output. An XOR gate is employed to obtain the signed
bit of output Z . The proposed high-accuracy divider also has
a simple logic structure.

Case Study:

We also present a case study to help understand the pro-
posed SD. Suppose that division (−49/64) ÷ (27/64) =
(−116/64) is performed by the proposed divider. We first
scale the divisor with 2−S (S = 1). Then, the numerators
49 and 54 can be factorized into 6 × 23 + 1 and 6 × 23 + 6

by DPC. We employ DSC to convert the four integers into
stochastic streams A8, B8, C8, and D8. In the first 8 cycles,
(38) is performed to update the register as

R(t)=
{

R(t − 1) + (AL(t) · 8 + B L(t)) · 8 − 54, E8(t) = 1

R(t − 1), E8(t) = 0.

When R(t) + (AL(t) · 8 + B L(t)) · 8 − 54 > 0, E8(t) is
outputted with value 1, otherwise 0. At time cycle t = 9,
the signal in the register is left shifted with three bits to
perform (41). F8(t) is obtained by (40) with R f (1) = 112.
It is obviously that the final result −58 is completely recovered
by the proposed SD.

C. Parallel LUD Scheme

In order to achieve high throughput, we implement the
stochastic LUD in a fully parallel form. For the convenience
of discussion, we present a fully parallel 4×4 stochastic LUD
scheme, as shown in Fig. 4, by the following functions:

Stage 1:

L(1),L
j,1 = U(1),L

j,1 /U(1),L
1,1 , j = 2 to 4

U(2),L
j,2:4 = U(1),L

j,2:4 − L(1),L
j,1 · U(1),L

2:4 , U(1),L = AL

Stage 2:

L(2),L
j,2 = U(2),L

j,2 /U(2),L
2,2 , j = 3 to 4

U(3),L
j,3:4 = U(2),L

j,3:4 − L(2),L
j,2 · U(2),L

2,3:4
Stage 3:

L(3),L
j,3 = U(3),L

j,3 /U(3),L
3,3 , j = 4

U(3),L
j,4 = U(3),L

j,4 − L(3),L
j,3 · U(3),L

3,4

where the superscript L denotes the stream length, the integer
in the brackets is the stage number and the subscript denotes
the corresponding element in a matrix.

The 4 × 4 stochastic LUD has three stages, which contain
three main computation units: 1) stochastic complex divider;
2) stochastic complex multiplier (SCM); and 3) stochastic
complex adder. The input and output of each stage are
connected directly with the corresponding signals. The ran-
domized unit can generate the stochastic stream with DSC for
the SCM. The larger dimension matrix LUD structure can be
implemented in a similar scheme.

Since the stochastic LUD is implemented in a fully parallel
form, the processed data can be pipelined between two matri-
ces. The throughput is related to the stochastic stream length
as [3]

T .R. = 2 × N × N

2 × L
fclk [Symbol/s] (43)

where N is the complex matrix dimension and fclk is operating
frequency. The throughput of the parallel LUD is improved
squarely as the matrix dimension increases.

D. Conversion Units

1) Back Conversion Unit: The B.C. unit converts the sto-
chastic stream into the TCS signal, which is widely used in the
stochastic logic-based system. The hardware implementation
is simple, as shown in Fig. 5(a).
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Fig. 4. Parallel LUD scheme processing steps. (a) Stage 1. (b) Stage 2. (c) Stage 3.

Fig. 5. Conversion units. (a) B.C. (b) S.G. (c) Uniform distribution generator.

2) Stream Generation Unit: The S.G. unit performs a
reverse function of B.C., which generates the stochastic stream
with a given TCS signal. It contains an adder, a register, and
a multiplexer as shown in Fig. 5(b).

3) DSC Generator: As discussed in Section III-C, uniform
distribution vectors in (9) are required to perform the SM.
We propose a simple and effectively method to implement (9).
As shown in Fig. 5(c), we employ a counter with k rising edge
detectors. The uniform distribution vectors can also be shared
by each signal generator.

E. Block LU Decomposition With Stochastic Computation

The block LUD algorithm can be employed for the large
matrix based on stochastic computation. We first review the
block LUD algorithm for A = LU

(
A11 A12
A21 A22

)
=

(
L11
L21 L22

) (
U11 U12

U22

)

where we have

(a) A11 = L11U11, (b) A12 = L11U12

(c) A21 = L21U11, (d) A22 = L21U12 + L22U22.

In (a), L11 and U11 is obtained by LUD. Then, we submit
L11 and U11 to (b) and (c) to obtain U21 and L21, respectively.
Finally, after computing A22−L21U12, we perform LUD again
to obtain L22 and U22 in (d). Matrix A22 can be further
factorized by the block LUD method.

Fig. 6. Block LUD structure.

The hardware architecture is shown in Fig. 6. A RAM
is employed to store the matrix elements. The control logic
generates reading addresses to access the data from the RAM.
The register banks hold the data to perform stochastic com-
putations. After the FP data are converted by S.G., the 1-bit
streams are input to the stochastic 4×4 matrix decomposition
unit. The 1-bit multiplexers are employed to perform data
routing.

V. PERFORMANCE ANALYSIS AND

HARDWARE COMPARISON

A. Performance Analysis

We employ SNR to study the computation performance of
proposed stochastic computation method, which is defined as

SNR = 10 · log

( ∑ |zfloat|2∑ |zfloat − ztest|2
)

(44)

where zfloat is computed by a floating-point multiplier and ztest
is computed from the testing stochastic computation.
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Fig. 7. Comparison of stochastic computation performance. (a) SNR
comparison of different multipliers. (b) SNR comparison of different dividers.
(c) SNR performance of stochastic LUD.

First, four different types of multipliers are employed to
the SNR comparison, as shown in Fig. 7(a). The SNR perfor-
mance of 2k+1-length-based stochastic multiplier with DPC
outperforms the 2k-bit but is lower than the 2k + 1-bit FP
multiplier. The reason is that the signed bit of proposed
stochastic multiplier is generated with an extra XOR gate.
While in FP multiplier, the signed bit is included in the total

Fig. 8. PER performance of stochastic LUD by 4×4 MMSE MIMO detector.
The outer channel is a WiMAX LDPC code with rate 1/2 and length 1296,
and an MPA LDPC decoder is used.

width of signal. The SNR performance of deterministic and
traditional stochastic multiplier is relatively low. Thus, the
proposed method can be employed to the system that requires
high precision.

We also employ SNR defined in (44) as the metrics to
measure the computation performance of different types of
dividers, including FP divider, proposed high-accuracy SD and
J–K trigger-based SD [16]. The SNR comparison is shown
in Fig. 7(b). Similar to stochastic multiplier, proposed 2k+1

divider has better performance than the k-bit signed FP divider,
but worse than the k +1-bit FP divider. The reason is same as
stochastic multiplier. The computation variance of J–K trigger-
based SD is too large to be employed in the high-accuracy
computation-based system.

In Fig. 7(c), we first compare the SNR performance of
three dimension matrixes between stochastic computation and
FP calculation. The 2k+1-length-based stochastic LUD has
better SNR performance than the 2k-bit FP signal, but worse
than the 2k + 1-bit FP computation.

We also show the PER performance, when applying pro-
posed stochastic LUD in the MMSE-based MIMO detector, as
shown in Fig. 8. One data packet consists of 1296 information
bits, and we declare a packet error if at least one bit is decoded
in error. The outer channel is a WiMAX LDPC code with the
rate of 1/2 and the length of 1296. The difference between
a 16-bit FP and a 256-length stochastic-based LUD is minor,
∼0.1 dB. The PER performance provide a powerful support
to the stochastic LUD computation capability.

B. Hardware Comparison

In this paper, we design and synthesize the LUD with
4 ×4, 8 ×8, and 16 ×16 dimension matrixes based on TSMC
0.13-μm technology. The synthesize tool is Synopsys Design
Compiler, and the place and route tool is IC compiler. The
stochastic stream length is 2k = 256. Hence, the stochastic
LUD has nearly the same performance as a 15-bit TCS.

The core areas are 0.025, 0.112, and 0.492 mm2 (at 85% cell
density) corresponding to 8.67, 35.1, and 141 K gate count.
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TABLE II

ASIC IMPLEMENTATION RESULT AND COMPARISON WITH OTHER MATRIX DECOMPOSITIONS

Fig. 9. 4 × 4 stochastic complex matrix LUD layout, synthesized by design
compiler, placed and routed by IC compiler.

The throughput can be obtained by (43) with L = 128
and N = 4, 8, 16, which is shown in Table II as 74, 292,
and 1146 Ms/s. The power consumption of the application-
specified integrated circuit (ASIC) is 9.1, 36.7, and 159 mW
for N = 4, 8, 16 with core voltage V = 1.3 V.

Table II gives a comparison of our implemented stochastic
LUD with the synthesis results of the QR-CORDIC, direct-
mapped, and CSHM-based LUD. For the fair of comparison,
we scale the throughput, area, and power to the 130-nm
technology. Since the area and throughput are quite different
for each method. We employ the hardware efficiency and
energy efficiency to compare the performance as

Hardware Efficiency = Scaled Throughput

Gate Counts
[(MS/s)/kGE]

Energy Efficiency = Scaled Power

Scaled Throughput
[nJ/Symbol].

(45)

For the fully parallel stochastic LUD processor, the com-
putation cycles is exactly the same as the stream length. The
hardware efficiency of proposed stochastic LUD is ∼1.5× that
of the direct-mapped method, which is higher than other

two compared methods. The proposed method has worse
energy efficiency when factorizing 4 × 4 matrix than CSHM,
which is specifically designed for low power. But as the matrix
dimension increased, the energy efficiency is 1.6× that of the
CSHM with 16 × 16 matrix. The processor-based Cholesky
decomposition method [22] is also compared in Table II. The
scaled throughput of processor-based LUD is low for small
size matrix. We can also employ a 4 × 4 stochastic LUD to
factorize a 16 ×16 matrix by using the block LUD algorithm.
We also give the 4 ×4 stochastic complex matrix LUD layout
in Fig. 9.

VI. CONCLUSION

In this paper, we proposed a stochastic-based LUD scheme
with high hardware efficiency and power efficiency. In order to
achieve high accuracy, we presented several novel techniques
to improve stochastic computation performance. The proposed
DPC has reduced the computation latency from 2k to 2k/2+1.
The high-accuracy SM and SD can achieve SNR performance
of 60 dB, which is capable of employing the proposed sto-
chastic logic to the system that requires high computation.
The scheme proposed in this paper can also be used in other
DSP systems.
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